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A Note on Conic Sections and Tangent Circles

Jan Kristian Haugland

Abstract. Thisarticle presents a result on circles tangent to a given conic section
and to each other. The result is proved using a set of parameterizations that cover
all possible scenarios.

1. Introduction
The objective of this article is to establish the following.

Theorem 1. Suppose S is a conic section (of eccentricity > % ifitisan elipse)

There exists a set S/, which is either a conic section or a union of two conic sec-
tions, with the following property. For two circles P and () each tangent to S at
two points, and to each other externally (at a point not on S if .S is a hyperbola),
the centers of the two circles Ry and R, that are also tangent externally to P and
Q andtangent to S lieon S".

For other problems involving tangent circles, see [1, 2, 3, 4].

The proof of Theorem 1 is based on explicit parameterizations of P, () and Ry,
given S. (Itis not necessary to check R, separately, because of symmetry.) In each
case, the proposed set S’ is clearly either a conic section or a union of two conic
sections, as claimed, but the following conditions also need to be verified:

(@) The proposed point of tangency between any circle (among P, @ and R;)
and S lieson S.

(b) The proposed center of Ry lies on the proposed curve (i.e., S’, or one of its
components).

(c) The distance between the proposed center of any circle and the correspond-
ing proposed point of tangency with .S is equal to the proposed radius.

(d) The line segment from the proposed center of any circle to the correspond-
ing proposed point of tangency with .S is normal to S.

(e) The distance between the proposed centers of two mutually tangent circles
is equal to the sum of their proposed radii.

Verifying conditions (c) and (e) is generally done by setting Ax and Ay to be the
differences between the proposed x- and y-coordinates respectively for the points
in question, and Az to be the proposed distance (i.e., the radius or the sum of the
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radii), and checking that

is satisfied.

Az? + Ay? = AZ?
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(1)

The notation with Az and Ay is also used when verifying condition (d).

2. Ellipse

2.1. Parameterization. For the ellipse .S:

S’ is the ellipse

where

!
a

1( n
—la
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With parameters « and w satisfying

PRI N
BRO

a2—b2) andb’_b—%< a2—b2).

sina:a, 0<a§%,

20 <u <7 -—2aq,

we define three circles P, @), R; with centers and radii given below, and verify that
their points of tangency with S are as in the rightmost column (see Figure 1).

Center Radius Point of tangency with S
2
P | (Va7 =P cos(u=0),0) | bsin(u—a) ( coAze) gy 1 (elese) )
2
Q | (Va =T cos(u+a),0) | bsin(u+a) ( conered ey [1 - (<ot )
Rl <a/COSU 14 (cosu)2> (b_b/) sinu ( cosu 1— co%u)Q)

Figure 1. Example of circles tangent to an ellipse
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2.2. Verification. (a) and (b) are trivial.
(c) For P or @, we have

Az? 4+ Ay?
2 2_b2 2 2 £
_ (2o 2V @) o Rura) 42 (1o O ED
cos o cos? o cos? a

z_ 2
= b2 (1 — cos? (u =+ 2 (u £ _Yr-r
(1 —cos® (u=£a)) + cos® (u+ a) (a p—

= V?sin® (u£a) = AZ%
For Ry, we have

Az? + Ay?

1 2 cos? u a? 2 cos®u
N e b2> ( a2 _ bz) 1_

4 (a “ cos? o 4b2 “ “ cos? o

1 2 (a?2  a? —b%cos?u
L N bz) @ _ “
4 (a “ <b2 b2  cos? a>
2 2
= a—(a—\/az—bQ) (1—cosQu)

4b2
= (b b') sinu = Az%

(d) The slope of the tangent of S at the point (x, y) is —222—9;, as can be shown with
basic calculus. For P or @, taking the point of tangency with positive y-coordinate,
we have

L G R G R

Az ( & — \/a? — b2> cos (u + «) (Co‘;a — ﬁ;fi) cos (u + ) bz

COos «

For Ry, we have

/1 cos u o cos u
y b—10 cos a ay/1 cos a
- o cosu cosu
Az a—ad cos o b ( cos a )

(e) The distance between the proposed centers of P and Q is

Va? —b?(cos (u—a) —cos(u+ a)) = Va?—b?(2sinusin «)

= b(2sinucosa) = b(sin(u — ) + sin (u + «a)),

which equals the sum of the proposed radii.
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If we instead consider either P or @) together with Ry, the expressions for Az,
Ay and Az are as follows:

Az? = <\/7b2008(uj:a —7<a—|—\/7) COS“)

COS &

. 2
- < a2—b2(cosucosozi|isinusina)—f<a+ a2—b2> COsu)
9 cos «

= (a2 — b2) (C082 wcos® o + sin? usin? F 2sin u cos u sin « cos a)

1 2
+3 (2(12 — 02+ 20V/a? — 2 “)

cos? o

— (a2 — b’ —i—aﬂ) <C082u:|: sinucosusina) ,
oS o
VaZ -2 2 2
Al (5o @ - | cosTu
Y ( 2b ) < cos? a

e 2a* —a b2_a 2 4 o/ B a’ a2—b2> <1_cos2u>’

202 cos? o
A% =

bsin (u £ a) 2b (a— vV a? —b2> sinu)2
% (a —Va?— 62> Sinu)2

wsin® a 4 2b? sin u cos u sin v cos a

= (b sinu cos a + cos usin o) +

= b?sin® ucos?® a + b2 cos?

N (2a — a2b2) sinu a3va? — b2sinu
4b2 2b2

+a (CL* vV a® — b2) (Sll’l ucosa:l:smucosusma)

The reader can verify that when we insert these expressions into (1) the terms
with + or  cancel out, while collecting the remaining terms yields

Zsin?u + ZEcos®u =

—_
—
—

)

where

2a* — 5a?b? 4+ 4b* + 2a (—a® + 2b%) Va® — b?
4h? ’

which of course also implies cancellation.

—
— —
—_—

3. Parabola

3.1. Parameterization. For the parabola S:

y = ca?,

4 2+ 1
= C — —.
Y 3 8¢

S’ is the parabola
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With parameter u > % we define the circles P, @), Ry in the table below, and
verify that the points of tangency with S are as given in the rightmost column (see
Figure 2).

Center Radius | Point of tangency with .S
P (O,cuz—u—i—%) u—i (£/u? — 2, cu® — u)
Q| (0,cu*+u—+5) u—i—zic (£/u?+ 2, cu® + u)
Ry (%\/uz—ﬁ,af—é) 4 <\/u2—ﬁ,cu2—ﬁ>

Figure 2. Example of circles tangent to a parabola

3.2. \erification. (a) Trivial, since all proposed points of tangency have the form
(£+/m,cm).

(b) With z = 2, /u2 — /15, we have

T4

B 4x2+1_ 2 1\, 1 _ 2 1
Y=\3 sc  \" T a2 8¢~ TR

as required.
(c) For P or @, we have

2 2
2 2_ (2, U i _ i _ 2
Az® + Ay —<u ic)+<26> —(ui26> = Az”.
For Ry, we have
1 1 1\?  /u\2
2 2 Lt f 2 L 2 —(2) = A2
Ax® + Ay =16 <u 402>+<80> <4> Az®.

(d) The slope of the tangent of S at the point (y/m, cm) is 2¢y/m, and so the
slope of the line segment from the center of the corresponding circle to the point
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of tangency must be —
positive x-coordinate, we have trivially
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f For P and @ and taking the point of tangency with

1

2cy/m’

1

Ay 5 _
Az /m
and for R; we have almost equally trivially
Ay —w _
Ax i\/ﬁ

2cy/m’

(e) The distance between the proposed centers of P and @ is 2u, which is equal
to the sum of their radii. If we instead consider P or () along with Ry, we have

9 1
AQ A2:7 2 -
iRl 16(“ 4c?
%4, 5u 1
T 16" T e a2

4. Hyperbola

4.1. Parameterization. For the hyperbola S:

-

)+ (=)

1 2
4 2c

)2:1.

S’ is the union of two hyperbolas S; and Sy. The first component of S’ is the

hyperbola S;

where

1
a’:§<a+ a2+b2),

Y

(&) -

2
-

W _b+%<

V).

With parameter u > 22, we define the circles P, @, R,

Center Radius
P (7“2;?2 (\/(a2 +b?)u? +a® — bu) 70) b ((a2 + %) u — by/(a® + b?) u? + a2)
Q 7“2;5# (\/(a2 +2)u+a®+ bu) 7O) ab ((a + b2) u+ b\/ a?+bv?)u? + a2)
| (' + i Ve - ) % (0° + b —ava® + 1)
and verify that the points of tangency with S are as follows (see Figure 3).
Point of tangency with S
2
P <\/(a2 + %) u? + a? — bu, iz\/<\/(a2 + %) u? +a? — bu) — a2)
2
Q| | V(a2 +b)u?+a?+ bu,ig\/<\/(a2 + %) u? +a? + bu) - a2>
1l ( u? + a2+b2’b\/u2 - %)
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Figure 3. Example of circles tangent to a hyperbola with center of R, on S

The second component of S’ is the hyperbola S,

(&) -G

2
) =1

where
b 1
a":a+?a<b—\/a2+b2), :—<b+\/a2+b2).
With parameter v > W’ we define the circles P, @, Ry
Center Radius

P (O, “ij;bz ( (a2 +b%)u? — b2 — au)) = ((a2 + b2) u—ay/(a? + b%)u? — bz)

Q (0’ a2;j5b2 ( (ag —|—b2) u2 — b2 —|—au) I% ((a2 + b2) u+a (a2 +b2) u2 — b2)
Rl (al/ u? + a;jbz ’ b”\/’LLQ o azbjbz) % (a2 + b2 - b\/m)

and verify that the points of tangency with S are as follows (see Figure 4).

Point of tangency with S
2
P (iz\/(\/(az +02)u? —b? — au) +02,4/(a? + b2) u? — b2 — au)
2
Q (:I:Z\/<\/(a2 +b02)u? —b>+ au) + b2, \/(a2 +b02)u? — b2+ au)
I (‘1\/“2 + a2+b2’b %)
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Figure 4. Example of circles tangent to a hyperbola with center of R, on S

4.2. Verification. (a) For the first component of S, both P and @ have proposed
points of tangency with S of the form (m, ig m? —a?).
For the second component, they have proposed points of tangency of the form

<i%\/m, m).

In both cases, it is clear that (£)* — (¥)® = 1 is satisfied. For R, we get in
both cases

x\2 Y\ 2 a® b?
- () - s o
a b a?+0v2  a?+ b2

(b) In a similar fashion, we have

2 Y\ 2 a® b?
a b a2 +b2  a?+ b2
2 b2

=1.

2 Y2 a
(a”> _(ﬁ> :a2+b2+a2+b2

(c) For P and @ with the first component S, starting with the proposed center
and points of tangency with S for P or (), we have
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i(
(; b+ V> +1?) Va2 +b2>2
(52

Az? 4 Ay?

s—i <\/(a2 +b%) u? + a? :I:bu)2 + Z—z <(\/(a2 +0%)u? +a? £ bu)2 - a2>
b2
g ((a2 +b%) ((a2 + %) u? + a? + b*u? £ 2bur/(a2 + b2) u2 + a2) — a4)
b2
o

2
((a2 + %) ut b/ (a2 + b2) u2 + a2> = AZ2

For 1, we have
Az? + Ay?

"2 2 a2 b bl2 2 b2
(a—a) u+a2+b2 + (b= U_7a2+b2

2

1 o 2) ’ a 7 2) (o2 b?
(7a+ a+b> <U +a2+b2)+W(a+ a+b> <UM>

2 2

i(—a—}— a2+b2>2<u + P2 >: (;(—a+\/a2+62>z\/a2+b2>2
(;b( +b27a\/m)) = AZ2

For P and @ with the second component Sy, we have similarly

Az? + Ay?

a* 2
bQ(( (a2+b2)u27b2:tau) +b2> i ( (a2+b2)u27b2:|:au>
— ((a2 +b?) ((a2 +b%) u® — b + a*u® £ 2auy/ (a2 + b2) u2 — bz) + b4>

2
—((a2+b2)uj:a (a2+b2)u2762> = A%

and for Ry, we have
Az? + Ay?

(a—d")* (v + e +(b-v") (u? - L
2 + b2 aQ + b2

o (o vaw) (e i) g (o v R) (w- )

a? + b2
b2 2

b+¢m) (u +)

(a2 + b2 — b\/m))Q = Az2



10 J. K. Haugland

(d) The slope of the tangent of .S at the point (z,y) is Z% and so the slope of
the line segment from the center of the corresponding circle to its point of tangency
(x,y) with S must be _%' For P or () for the verification for the first component
of S’, taking the point of tangency with positive y-coordinate, we have

2
Ay 2\/<\/(a2—|—62)u2+a2:|:bu) —a? a2y

Az (—Z—Z) <\/(a2—|—b2)u2+a2:|:bu) bz

For R, we have

_y 2 _ b 2 _ b
Ay (b—"0)/u e ayJu? — 57 ay

Ax / 2 a? N 2 a? __bQLU.
(CL—CL) u +m b u +m

For the verification for the second component of S, taking the point of tangency
with positive z-coordinate for P or @), we have similarly

Ay (—‘;—;) <\/(a2 +b02)u? —b2+ au) a2y

Ax 2 2z’
g <\/(a2+62)u2—b2:|:au) + b2
and for Ry, we have
bh—b 2 b2 2 b2 9
Ay ( )\ W — i AW =@z a’y

Az " 2 2 2 2 b
(a—a) u +m by/u +a2+b2

(e) Verifying the condition for P and @ is rather trivial for both components of
S’. For P or @ along with Ry, with the first component, we have

Ax?

5 2
(a®+0%)* 1 o2 a2+ b2
- ((az‘z(“ @ B) | \fur b

2 b23 2 2 2 bz% 2 b22 2
:<(a+ ) +2a +b _(a+ ) (a+ ) +g pra <u2—|— a

at 4 a a?

at a? 2 2 a?

3
2—|—b22622 2 4 p2)2 /a2 - b2 buv/a2 + b2
+ (CL ) u Zt? (a ) a a + \/(a2+b2)u2+a2 uva” +

a? + b2

)

)
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2 2 2 2 b?
st = (b ba(o— Vi) + 4 (22 40 ~2va ) ) (- S0,

a2+bQ
A= (2 (a +b2—a\/a2—|—b2) b ((a2—|—b2)u:|:b\/(a2+b2)u2+a2) i
2b a?

(a2 +b2)* u? L (@) P (@ +12)* (@ 48w+ a?)

B 4b2 4b2 + at at
u? (a2 + b2) Va2 + 12 N u? (a2 + 192)2 u? (a2 + bz) VaZ + b2

202 a? a

b 2b2
:I:CL—Z\/CLQ—!—I)2 (\/a2+62—a+a2\/a2+b2>,

and the reader can verify that (1) is satisfied.
Likewise, for the second component of S/, we have

2
Az? = <a+b2_b'a2+b2> <u2+ o’ )

2a a2+ b?

2b2 2b4 2 b2 2
o I )
a

3 2
( a +b2 b Va2 \/2 b2 au (a® + %)
L u? —

+
C 2 2 a? + b? b2

3
2

(a 4—b2 L@ 2 4 opt (a + b%) (a2+b2)2 bva2 + b2
1 b T 2

a?u? (a2 + b2)2
x u a2 + b2 + bt

5
2

L9 au (a + b2) au (a2 + b2) au (a2 + b2)% b2
bt T 22 YT

2

) au(a®+b%) (A +0*)u  buva? +02 | a®y/(a% +b?)u? — b2

Az* = + — +
b2 2a 2a b2

(a6 + 2a*b? + a2b4) u? N (a4 + 3a2b? + 2b4) u? N (a2 + b2)2 u?

b4 4a2 b2
(a2 + b2) wVaZ +02 b2 (a2 + b2) va? + b? N a* ((a2 + b2) u? — b2)
b 2a2 b4
aur/(a? +b2)u2 — b2 (a4 ab® o> +1*  bV/a2+ b2
+2 4 _ ’
b2 b2 2a 2a

for which (1) again is satisfied.
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5. Conclusion

The parameterizations cover all possible scenarios, and Theorem 1 is thus proved.
Strictly speaking, the set of points where R; can have its center is in general not
the entire conic section, but a subset as implied by the conditions that we have
included for the parameters.
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