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ABSTRACT

In this thesis, we improve on the best known results so far related to two famous conjectures

on the distribution of prime numbers.

The twin prime conjecture asserts that there are infinitely many pairs of prime numbers with
difference 2, and probabilistic arguments suggest that the number of such pairs below x is

X

log® x

indeed asymptotically 2C, where C; = 0.66016... is known as the “twin prime

constant”. With the use of sieve methods, it is possible to give an upper bound of the form

X

log? x

(L+o(@)ke, for the number of such pairs below x. To find a proof with a smallest

possible Kk is interesting in its own right, and also because it indicates how far our present
methods are from being good enough that we can give a non-trivial lower bound. Here, we
combine known methods, like the conditional improvement of the Bombieri-Vinogradov
Theorem in the linear sieve and the switching principle, with a method that Heath-Brown has
previously used in the treatment of the second problem in this thesis. The idea is to estimate
the characteristic function for primes from above or below (depending on the problem) by a
function which is easier to handle with the available sieve methods. The combination of three
rather different methods leads to quite extensive calculations, and also to the necessity of
deriving two new results (well, at least one non-trivial result) concerning finite subsets of

[0, 1] with sum 1. While the previously best result was k = 6.8354 by Wu, we find that we can
do k = 6.8325.

The second conjecture that we consider says that there is always a prime between two
consecutive positive square numbers. There exist sieve methods that allow us to prove that

(

there is always an integer between x and X+ x2*°W with a prime factor bigger than x*? for

rather small 6. For example, Harman has given & =- in an unpublished manuscript. We

follow much the same path as other authors, but do a detailed analysis of the 4-dimensional
terms of the iterated Buchstab identity (applied to the relevant sequence). It appears that

— 1 S
0 = 5z is permissible.
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